AUTOMATIC CONTINUITY AND C (ft)-LINEARITY OF LINEAR 
MAPS BETWEEN C (fi)-MODULES 

CHI-WAI LEUNG, CHI-KEUNG NG AND NGAI-CHING WONG 

Abstract. Let f2 be a locally compact Hausdorff space. We show that any local C- 
linear map (where "local" is a weaker notion than Co (O) -linearity) between Banach 
Co(r2)-modules are "nearly Co(^)-linear" and "nearly bounded". As an application, a 
local C-linear map 9 between Hilbert Co(f2)-modules is automatically Co(f2)-linear. If, 
in addition, tt contains no isolated point, then any Co(ri)-linear map between Hilbert 
£SJ . Co (O)- modules is automatically bounded. Another application is that if a sequence of 

maps {#„} between two Banach spaces "preserve co-sequences" (or "preserve ultra-co- 
sequences"), then 6 n is bounded for large enough n and they have a common bound. 
Moreover, we will show that if 6 is a bijective "biseparating" linear map from a "full" 
essential Banach Co(f2)-module E into a "full" Hilbert Co(A)-module F (where A is 
another locally compact Hausdorff space), then is "nearly bounded" (in fact, it is 
automatically bounded if A or $7 contains no isolated point) and there exists a homeo- 
morphism a : A — » fl such that 6(e ■ ip) = 0(e) ■ ip o a (e G E,cp S Cq(£1)). 
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A linear map 9 between the spaces of continuous sections of two bundle spaces over 
the same locally compact Hausdorff base space fl is said to be local if for any continuous 



*zf • section /, one has supp 8(f) C supp /, or equivalently, for each g G C (Q) 



fg = =*► 9(f)g = 0. 



Consequently, local property is weaker than Co(fi)-linearity. In the case when the domain 
and the range bundles are over different base spaces, a more general notion is defined; 
namely, disjointness preserving, or separating (see Section [5J). 

Local and disjointness preserving linear maps are found in many researches in anal- 
ysis. For example, a theorem of Peetre [19] states that local linear maps of the space 
of smooth functions defined on a manifold modelled on IR n are exactly linear differential 
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operators (see, e.g., [T7]). This is further extended to the case of vector- valued differen- 
tiable functions defined on a finite dimensional manifold by Kantrowitz and Neumann 
[16] and Araujo [3]. 

In the topological setting, similar results have been obtained. Local linear maps of the 
space of continuous functions over a locally compact Hausdorff space are multiplication 
operators, while disjointness preserving (separating) linear maps between two such spaces 
over possibly different base spaces are weighted composition operators (see, e.g., [T|[5|fT8| 
[HI [121 US])- Among many interesting questions arising from these two notions, quite a 
few efforts has been put on the automatic continuity of such maps. See, e.g., UJ [El [15] 
for the scalar case, and [131 SI El E] for the vector- valued case. 

In this paper, we extend this context to local or separating linear maps between spaces 
of continuous sections of vector bundles. Note that similar to the correspondence de- 
veloped by Swan [20] between finite dimensional vector bundles over a locally compact 
Hausdorff space Q and certain Co(fi)-modules, the spaces of continuous sections of "Ba- 
nach bundles" are certain Banach Co(f2)-modules (see, e.g., [ID] , and Section [2] below). 

One of the original motivation behind this work is to investigate up to what extent will 
a local linear map between two Banach Co(fi)-modules be Co(fi)-linear. Surprisingly, on 
top of finding that such maps are "nearly Co(0)-linear", we find that they are also "nearly 
bounded". In fact, it is well known that there are many unbounded C-linear maps from 
an infinite dimensional Banach space to another Banach space and so, if S is a finite 
set, there are many unbounded C(S')-module maps from certain Banach C(S')-module to 
another Banach C(5)-module. The interesting thing we discovered is that the above is, 
in many cases, the "only obstruction" to the automatic boundedness of Co(fi)-module 
maps (see Proposition 13.51 as well as Theorems 13.71 and 14.21) . 

More precisely, if 9 is a local C-linear map (not assumed to be bounded) from an 
essential Banach Co(fi)-module E to another such module F, then is "nearly Cq(Q)- 
linear", in the sense that the induced map 9 : E — > F is a Co (fi)- module map (where 
F is the image of F in the space of Co-sections on the canonical "(H)-Banach bundle" 
associated with F; see Section [2]). Moreover, 9 is "nearly bounded" in the sense that 
there exists a finite subset S C Q such that 



sup sup 

j£0,\S eGE; 



9{e){u) 



< oo. 



Furthermore, if F is "Co(fi)-normed" (in particular, if F is a Hilbert Co(fi)-module), 
then the finite set S consists of isolated points in Q, and 

9 = 0o©00* 

where 0o : Eq\ s — > Fq\ s is a bounded Co(fi \ 5)-linear map (where Eq\ s and Fa\s are 
the canonical essential Banach C (Q \ S')-modules induced from E and F respectively) 
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and 9oj are (unbounded) C-linear maps (see Theorems 14.21 and 13. 7p . Consequently, if Q 
contains no isolated point and F is Co(fi)-normed, then 9 is automatically bounded. As 
another application, if X and Y are two Banach spaces and if 9k '■ X — > Y is a sequence 
of C-linear maps (not assumed to be bounded) such that for any (x n ) G cq(X), we have 
(9 n (x n )) G c (Y), then there exists n with 

sup \\9 n \\ < oo. 

n>no 

On the other hand, we will also study C-linear maps between two Banach modules 
over two different base spaces. In this case, we will consider "separating" maps instead 
of local maps. More precisely, if Q and A are two locally compact Hausdorff spaces, E is 
a "full" essential Banach Co(fi)-module (see Remark 13.2T b) ). and F is a "full" Banach 
Co(A)-normed module, then for any bijective linear map 9 : E — >■ F (not assumed 
to be bounded) with both 9 and 9~ l being separating, there exists a homeomorphism 
a : A — > Q such that 9(e-ip) = 9(e) -ipoa(eEE,ipE C (Q)), and there exists a finite set 
S consisting of isolated points of A such that the restriction of 9 from En\ a (s) to F&\ s is 
bounded. 

This paper is organised as follows. In Section |2j we will first collect some basic facts 
about the correspondence between Banach bundles and Banach C (fi)-modules. In Sec- 
tion [21 we will show two technical lemmas concerning "near Co(fi)-linearity" and "near 
boundedness" of certain mappings. SectionH]is devoted to automatic C (fi)-linearity and 
automatic boundedness of local linear mappings, while Section is devoted to the au- 
tomatic boundedness of bijective biseparating linear mappings between Banach modules 
over different base spaces. Finally, as an attempt to a further generalisation, we show in 
the Appendix that for an arbitrary C*-algebra A, every bounded local linear map from 
a Banach A-module into a Hilbert A-module is A-linear. The boundedness assumption 
can be removed in the case when A is finite dimension (Corollary I4.9p . 

2. Preliminaries and Notations 

Let us first recall (mainly from [10J) some basic terminologies and results concerning 
Banach modules and Banach bundles. 

Notation 2.1. In this article, Q and A are two locally compact Hausdorff' spaces, E is an 
essential Banach C (Q) -module, F is an essential Banach C (A)-module, and 9 : E — >■ F 
is a C-linear map (not assumed to be bounded). Furthermore, Qoo and A^ are the one- 
point compactifications of Q and A respectively. We denote by Nn(w) the set of all 
compact neighbourhoods of an element u> in Q, and by IntQ(S') the set of all interior 
points of a subset S in Q. Moreover, ifU,V^Q such that the closure of V is a compact 
subset ofliatn(U), we denote by Uq(V, U) the collection of all A G C C (Q) with < A < 1, 
A = 1 on V and the support of A lies inside Intn(f^)- 
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Definition 2.2. Let E be a Hausdorff space and p : E — > Q be a surjective continuous 
open map. Suppose that for each u G Q, 

1). there exists a complex Banach space structure on E^ := p^ x {u) such that its norm 
topology coincides with the topology on E u (as a topological subspace of E); 

2). {W(e,U) : e > 0, U G Nq(u;)} forms a neighbourhood basis for the zero element 
U G E^ where W(e, U) := {£ G p~\U) : \\£\\ < e}; 

3). the maps C x E — > E and {(^,77) G H x S : p(£) = p(?y)} — >■ H <pi>en respectively, by 
the scalar multiplications and the additions are continuous. 

Then (S, fi,p) (W simply, E) is called an (H)-Banach bundle (respectively, an (F)-Banach 
bundle,) over Q if £ 1— )■ ||£|| z's an upper- semicontinuous (respectively, continuous) map 
from E to R + . In £/ws case, f2 is called the base space 0/ S, £ne map p is called the 
canonical projection and E^ is called the fibre over uj G Vt. 

If S is an (H)-Banach bundle over Q and f2 C f2 is an open set, then 



"fio 



p-^0 



is an (H)-Banach bundle over fio and is called the restriction of E to Qq. If E is an 
(F)-Banach bundle, then so is Eq . 

Definition 2.3. If A is an (H)-Banach bundle over A, a map p : E — > A is called a 
fibrewise linear map covering a map a : Q — > A if p(S CJ ) C A^) and the restriction 
p w : E^ — » A CT ( W ) zs linear. Moreover, a fibrewise linear map p covering a continuous map 
a : f2 — > A is called a Banach bundle map i/p zs continuous. A Banach bundle map p 

is said to be bounded i/supt 6S . ||p(£)ll < °°- 

lieil<i 

For any map e : Q — > E, we denote 

|e|(w) := ||e(w)|| (ueil). 

Such an e is called a Co-section on S if e is continuous, p(e(a;)) = u (u G fi), and for 
any e > 0, there exists a compact set C C Q such that |e|(w) < e (u <E Q\ C). We put 

r (S) := {e : f2 — > E \ e is a C — section on S}. 

Note that |e| is always upper semi-continuous for every e G ro(H) and E is an (F)-Banach 
bundle if and only if all such |e| are continuous. 

Next, we recall some terminologies and properties concerning an essential Banach 
(right) Co(fi)-module E (regarded as a unital Banach C(fioo)- m odule). For any u G fioo 
and S C Ho,, we denote 



K s := {y? G C^oo) : ^(5) = {0}}, K§ := E ■ K s and I* := (J K 
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For simplicity, we set K E := K? u y Note that K^ = E because E is an essential 

Banach Co(fi)-module. By [TOj, p. 37], there exists an (H)-Banach bundle S E over Qoo 
with E E = E/K E . Since Eg = {0}, if we set E E := p-\n), then T (E E ) = T (E E ) 
under the canonical identification. Furthermore, there exists a contraction 

~ : E — > r (S £ ) 

such that e(u;) = e + i^^f . We put i? to be the closure of the image of ~. 
On the other hand, if 9 is as in Notation I2.1[ we define 

O-.E-^F by 9(e) = 6(e) (e 6 E). 

Definition 2.4. Let E be an essential Banach Cq(Q) -module. 

(a) E is called a Banach Co(fi)-convex module if for any tp, ijj G C(Qoo)+ with ip + if; = 1, 
one has \\xip + yif)\\ < max{||x||, \\y\\}. 

(b) E is called a Banach C (fi)-normed module if there exists a map \ ■ | : E — > C (fl) + 
such that for any x, y G X and a G A, 

i). \x + y\ < \x\ + \y\; 
ii). \xa\ = \x\\a\; 
Hi). ||x|| = IH^HI- 

Recall that every Hilbert Co(fi)-module is a Banach Co(fi)-normed module, and every 
Banach Co(fi)-normed module is Co(fi)-convex. On the other hand, an essential Banach 
Co(f2)-module E is C*o(fi)-convex if and only if ~ is an isometric isomorphism onto 
T (E E ) (see e.g. [101 Theorem 2.5]). In this case, we will not distinguish E and T Q (E E ). 
Furthermore, E is C*o(fi)-normed if and only if E is C*o(fi)-convex and E E is an (F)- 
Banach bundle (see e.g. [TOj, p.48]). 

For any open subset f2 C Q, we set Eq := K E , Qo and Eq := F (Hq o ). One can regard 
K E \ n as an essential Banach Co(fio)- m odule under the identification Co(Qo) = Ku\n - 
Note that if E is Co(fi)-convex, then Eq = E^ . 

Remark 2.5. (a) Let E be a Banach Co(Q)-convex module and 0^ is the zero element 
in the fibre E E (uj G Q). It is well-known that u i— > 0^ is a continuous map from Q into 
E E . Thus, if {ui}i,zi is a net in Q converging to Uo G fl and e G Dier-^w^ then e G K E . 
Consequently, if e ^ K E , there exists U G Nn(u>) such that e £ K E for any a &U. 

(b) For any u> G fl and e G K E , there exists a net {zv}v&f n {u) such that ey G K E and 
\\e — ey|| — > 0. 

(c) Let Q = {u>i,u>2, ■■■} be a countable compact Hausdorff space and E be a Banach 
C(Q)-module. Then 

n *« = (°h 
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or equivalently, the map ~ is injective. In fact, consider any e G Dwefi -^w an< ^ anv e > 0- 
Fork G N, t/iere exists <pk G -^{aj fc } wt/i ||e— e^|| < e/2 k+1 . Thus, there exists (p/. G C(fl) 
with ifk vanishing on an open neighbourhood Vk of ujk and \\e — e(pk\\ < e/2 k . Now, 
consider a finite subcover {Vi, ..., V n } forfl and a continuous partition of unity {if)\, ...ip n } 
subordinated to {Vi, ..., V n }. Then \\e\\ = \\e — &Y^k=i <Pki>k\\ < Sfc=i ll e — e< Pk\\ < e - 

3. Some technical results 

In this section, we will give two technical lemmas (13.31 and 13.61) which are the crucial 
ingredients for all the results in this paper. Before presenting them, let us give another 
automatic continuity type lemma that is needed for those two essential lemmas. 

Lemma 3.1. 3e '■— {v G A : 9(e)(v) = for all e G E} is a closed subset (where 9 is 
as in Section^). Moreover, if a : Ag — >■ Q^ (where Ag : = A \ ~$ e ) is a map satisfying 
9(I®r v \) C Ky (u G Ag), then a is continuous. 

Proof: It follows from Remark 12.5( a) that 3e is closed. Suppose on the contrary, that 
there exists a net {vi\i<^i in Ag that converges to uq G Ag but oivi) -/> ct(vq). Then 
there are U, W G N noo (a(i/ )) with £/ C Intn^W) and {i G J : o-(^) £ Intn(W)} being 
cofinal. As fioo is compact, by passing to a subnet if necessary, we can assume that 
{cr(i/j)} converges to an element uj G fioo, and there exists V G N^^w) with V C\U = 0. 
Pick any e G -E and y> G 11^ (V, fioo \ [/). Since o~(z/j) — >■ w, we see that e(l — y>) G ^L.) 
when % is large enough and so eventually, 

~9(e(l- V ))(v t ) = 

(by the hypothesis). By Remark 12.51 (a). we see that 9(e(l — ip))(vo) = 0. On the other 
hand, we have 9(eip) G K^ Q (because eip G -fJL )) and 9(e) G K^ , which gives the 
contradiction that u G 3e- D 



Remark 3.2. (a) A^ote i/iai /or any ^ G 3e ; one /ias 

(3.i) effiQK? («en). 

Consequently, if we extend a in Lemma \3. 1\ by setting cr{y) arbitrarily for each v G 3s; 
£/ien 0(lff( v \) Q K„ (v G A^) frn£ one should not expect such a to be continuous. 

(b) 9 is said to be full if 3e — 0- Moreover, E is said to be full if id : E —> E is full (or 
equivalently, E ^ K^ for any uj G Vt). 

(c) One can use our proof for Lemma \3. 1\ to give the following (probably known) result: 

Suppose that a : A — > Q is a map and $ : Cq(Q) — > C&(A) is a C-linear 
map satisfying $(A"0) = $(A) • (ip° o~) (A,^ 6 Co(0)J, and for any v G A, 
there exists A G C (tt) with $(A)(z/) ^ 0. Then o is continuous. 
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Lemma 3.3. Let a : A# — > Q be a map satisfying 0(1^,^) C K^ (v G Ae). 



(a) If ik 



v G A : sup|| e || <:L ||#(e)(i>)|| =00 , then ilg C A e , 
sup ||6'(e)(^)|| < 00 

z/eA\U s ;||e||<l 



(we use the convention that sup0 = 0) and o~(lX$) is a finite set. 

(b) Ifyie t(7 := < v G Aq : 9(K^,,) <£. K^ >, then Vle,a Q &o and c(^te,o-) consists of non- 
isolated points in Q. 

(c) If, in addition, a is an injection sending isolated points in Ag to isolated points in Q, 
then 6(e ■ tp) = 8(e) ■ (p o a (e G E,tp G C (tt)). 

Proof: (a) The first conclusion is clear. We put Y to be the co-direct sum ®^° 6A Sf . 
For every v 6 A \ itg, one can regard e 1— \ 9(e)(v) as a bounded C-linear map from E 
into Y~ (note that 9(e)(u) < ||0(e)||), the uniform boundedness principle will give the 
second conclusion. Assume now that cr(iig) is infinite. For n = 1, we can find v\ G A as 



%i)K 



> 1. Inductively, we can find v n G A and 



well as ei G E with ||ei|| < 1 and 
e n £ E such that 

<x(z/ n ) ^ cr(^ fe ) (fc = l,...,n- 1), ||e„|| < 1 and ||#(e n )(z/ n )|| > n 3, . 

There exist n\ G N and £/i G Nn(cr(i/ ni )) such that {n G N : n > ni and <r(z/ n ) ^ C/i} is 
infinite. Inductively, we can find a subsequence {v nk \ and [/& G 3Sfn(cr(^ nfc )) (fc G N) such 
that UkHUi = for distinct fc,!eN. Without loss of generality, we assume that nk = k. 
Pick V n G 3Sfn(cr(^n)) such that \4 is subset of Intn(£/ n ). Consider X n G Un(V^, C/ n ) 
(n G N) and notice that ||e n A^|| < 1. Define e := Y^h=i nb^ e -^ an d take n G N. Since 



2 \ 2 

n e - e n X n 



n 




e <> 



we have n 2 6(e){y n ) = 6(e n \\)(v n ) (by the hypothesis). On the other hand, as e n — e„A^ 
e„(l - \ 2 n ) G iff , we have, 



> 



0{e)(v„ 



1 



r?/ 



0MD("») 



n z 



0(e n )(v n 



> n, 



which contradicts the finiteness of ||0(e 
(b) Consider v G A \ U e and denote « 



0(e) (1/) 



< 00. Pick any e G if^ 



M 



SUP|| e ||<i 

and e v e K$ (V E Nn(<r(i/))) with [|e v — e|| — > (Remark E3T»). As 0(e v ) e K*, one 
has 



0(e) (*) 



0(e-e v )(i/) 



< k lie — eyl 
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which shows that v G A \ <! 5lg, a . Now, if a(y) is an isolated point in Q, then {cr(v)} G 

e ^ 



Nn(cr(z/)), and we have the contradiction that 9(K®,s) C ifj . This gives second state- 



ment. 

(c) For any f G A \ DTg^ and e G -E, we have ey? — ey»(<r(r/)) = e((p — (p(a(v))l) G K^,y 

Thus, 

(3.2) ^MO) = (9(e)(i/)^(a(^)) (e E E,v E A\m e , a ). 

In particular, (13. 2p is true when v G A \ SX$ (by part (b)) or when z/ G il# is an isolated 
point of Ag (by the hypothesis as well as part (b)). Suppose that v G ile is a non-isolated 
point of A#. As a is injective, part (a) implies that Og is a finite set. Hence, there exists 
a net {^} in A^ \iig converging to v. Now, by Lemma [3.1 [ 

9(ecp)(y) = \im9(e<p)(v t ) = ]im§(e)(u i )(p(a(u i )) = 9(e)(u)<p(a(u)). 

D 



Remark 3.4. Note that since 3e is closed, isolated points in Ag are the same as isolated 
points of A. Moreover, for any v G 3e, we have sup|U| <:l ||6>(e)(z/)|| = ; and (13. ip /toWs. 
Therefore, Lemma WT^ remains valid if we replace all the Ag with A (in fact, the current 
form is stronger as any injection on A restricted to an injection on Aq). The same is 
true for all the remaining results in this section. 

If a is injective, then iig is finite and we have our first nearly automatically boundedness 
result which states that if 9 is a "module map through an injection a : A — y Q" (one 
can relax this slightly to an injection on Ag), then 9 is "bounded after taking away finite 
number of points from A" . 

Proposition 3.5. Let Q and A be two locally compact Hausdorff spaces. Let E and F be 
an essential Banach Cq(Q) -module and an essential Banach Co (A) -module respectively, 
and let 9 : E —y F be a C-linear map (not assumed to be bounded). Suppose that a : Ag — y 
Q is an injection satisfying 9(e ■ (p)(v) = 9(e)(v)(p(cr(v)) (e G E,ip G Cq{VL),u G Ag). 
Then there exist a finite subset T C A and k > such that 

sup \\9{e){u)\\ < K\\e\\ (e G E). 

v€A\T 

Lemma 3.6. Let o : Ag — y Q be a map satisfying 9(1 ~B V \) Q K„ (v G Ag). Suppose, in 
addition, that F is a Banach Co(A)-normed module. 

(a) yig tC7 is an open subset of A. 

(b) If o is injective, then iig is a finite set consisting of isolated points of A. If, in 
addition, iig ^ A, then F = -Fa\u 9 © (B^eu ^v an< ^ 

9 := P e<a o 0\ EaStr(Ue) : Ensile) -> ^A\u e 
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is a bounded linear map (where Pe yCr : F — > -FA\u e is the canonical projection) such that 
(3.3) 9 (e ■ if) = 9 (e) ■ <p o a (e e E nV(iXe) , V e C (Q\a(ii e ))) 

(note that the value of a on 3e can be set arbitrarily). 

Proof: Notice, first of all, that as F is Co(fi)-convex, one can regard 9 = 9. 

(a) As Aq is open in A and 9Te iCr C ii 9 C Ag, it suffices to show that 9t<9 )CT is open in A e . 
By Lemma l3T37 a). 

K := sup sup ||6'(e)(z/)|| < oo. 

^^H e ||e]|<l 

Let {vi\i£i be a net in A e \ yig tlT converging to u G A e , and e be an arbitrary element 



in K^, y By Lemma 13.11 we know that o~(vi) — > o~{vq). Now, we consider two cases 



separately. The first case is when {a(v>i)}i£i is finite. In this case, by passing to subnet, 
we can assume that o(yi) = cr(z/ ) (i G I). As e(<r(z/ )) = and v- h <£ 9?0,<t, we have 
9(e)(ui) = which gives 9(e) (vo) = 0, and so, 9(e) G K„ . The second case (of {o"(z/j)} ie / 
being infinite) can be subdivided into two cases. More precisely, if there exists i$ G / 
such that Uj G iig for every j > i , then we can assume that {cr(z/j)} iG / C o~(5Ag) which 
is a finite set, and the above implies that 9(e) G K^ . Otherwise, {i G I : z/j ^ i^} is 
cofinal, and by passing to a subnet, we may assume that i/j ^ ilg (i & I). For any e > 0, 
pick V G ^N"n(o'(t / o)) and ey G -fYy with ||ey — e|| < e. When i is large enough, a(v{) G V 
and ev(cr(ui)) = 0. Thus, 

||0(e)(i/<)|| = ||%-ey)(^)|| < «6. 

By the continuity of the norm function on S F , we have ||#(e)(z/o)|| < ^e which implies 
that 0(e) (i/ ) =0. 

(b) By the hypothesis and Lemma l3T3T a). one knows that iig is finite. Without loss of 
generality, we assume A ^ Uq. Let 

(3.4) k := sup sup ||#(e)(z/)|| < oo. 

veA\tt e ||e||<l 

Suppose on the contrary that there is u G ilg which is not an isolated point in A. As il# 
is finite, there is a net {^} in A \il# such that z/j — > z/ . By the definition of lie, there is 
e G E with ||e|| < 1 and ||6 , (e)(z/ )|| > k + 1. However, this will contradict the continuity 
of \9(e)\ (because of (I3.4p ). Now, as iig is a finite set consisting of isolated points in A 
and F is the space of Co-sections on H F , we see that 



■=F 



By Lemma l3~37 b) and the argument of Lemma ISTBT c) (more precisely, (13.21) ). one easily 
check that 9 will satisfy (13. 3p . On the other hand, the boundedness 9q follows from (13. 4p . 

D 
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Observe that in Lemmas 13.31( c) and 13.61 (b). one can replace the injectivity of a with 
the condition that a~ x (iS) is at most finite for any u G Q. 

The following is our second nearly automatically boundedness result that applies, in 
particular, when F is a Hilbert Co(A)-module. 

Theorem 3.7. Let Q and A be two locally compact Hausdorff spaces. Let E be an 
essential Banach Cq(Q) -module, let F be an essential Banach Co(A)-normed module, and 
let 9 : E — >• F be a C-linear map (not assumed to be bounded). Suppose that a : A e — > Q 
is an injection satisfying 0(l5 v \) ^ K„ (v G A). 

(a) If A contains no isolated point, then 9 is bounded. 

(b) If a sends isolated points in Aq to isolated points in Q, then OT^ = and there exist a 
finite set T consisting of isolated points of A, a bounded linear map 9q : En\ a (T) —> Fa\t 
as well as linear maps 9 V : ^5^ — >■ Hf for all v G T such that E = i£o\<r(T) ©0 v6 tS^, 
F = F A \ T © y£T Sf and 9 = 9 © 0^ GT 9 V . 

Proof: (a) This follows directly from Lemma [3.6( b). 

(b) The first conclusion follows from Lemma 13.31( c) and the second conclusion follows 

from Lemma f3.6f b) (notice that we have a sharper conclusion here since OT^.o- = 0)- D 



4. Applications to local linear mappings 

In the section, we will consider the case when A = Q, a = id, and the C-linear map 
9 is a local map in the sense that 9(e) ■ tp = whenever e G E and (p G Cq(Q) satisfying 
e • p = 0. It is obvious that any C (fi)-module map is local. 

Remark 4.1. Suppose that 9 is local. Let U, V C Q be open sets with the closure of V 
being a compact subset ofU, and consider X G VLa(V, U). For any e G K§ and any e > 0, 
there exists (p G Ky with \\e — &p\\ < e. Thus, eX = which implies that 9(e)X = and 
9(e) — 9(e) (1 — A) G Ky. This shows that a = id will satisfy the hypothesis in all the 
results in Section^ 

The following theorem (which follows directly from the results in Section |3] as well as 
Remark 14. lj) is our main result concerning local linear maps. 

Theorem 4.2. Let Q be a locally compact Hausdorff space. Suppose that E and F are 
essential Banach Co(Q) -modules, and 9 : E — >■ F is a local C-linear map (not assumed 
to be bounded). 

(a) 9 is a Co(Q) -module map and there exist a finite subset T C A and n > such that 
sup^Ayr \\9(e)(u)\\ < fc||e|| (e G E). 
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(b) If, in addition, F is a Banach Co(Q)-normed module, then 6 is a Cq(Q) -module map 
and there exist a finite set T consisting of isolated points of Q, a bounded linear map 
9 : Eq\ t — > Fq\ t as well as a linear map 9 V : Hff — > Hf for each v G T such that 
E = E n \ T © @ ueT Ef , F = F n \ T © 0^ 6T Ef and = 9 © 0^ eT 0„. 

It is natural to ask if one can relax the assumption of F being Co(f2)-normed to 
Co(Q)- convex in the second statement of Theorem 14.21 (in particular, whether it is true 
that every Co(fi)-module map from an essential Banach Co(fi)-module to an essential 
Banach C*o(fi)-convex module is automatically bounded provided that Q contains no 
isolated point). Unfortunately, it is not the case as can be seen by the following simple 
example. 

Example 4.3. Let E := C([0, 1]) ©°° X and F := C([0, 1]) ©°° Y, where X and Y are 
two infinite dimensional Banach spaces. Then E is an essential Banach C([0, l])-convex 
module under the multiplication: (e,x)-ip = (e-ip,xip(0)) (e,<p G C([0, l]);x G X). In the 
same way, F is an essential Banach C([0, 1]) -convex module. Suppose that R : X — > Y is 
an unbounded linear map and 9 : E — > F is given by 9(e, x) = (e, R(x)) (e G C([0, 1]); x G 
X). Then 9 is a C([0, 1]) -module map which is not bounded (as its restriction on X is 
R). In this case, we have ilg = {0}. 

Corollary 4.4. Let Q be a locally compact Hausdorff space. Any local C-linear 9 from 
an essential Banach Co(Q)-module to a Hilbert Cq(Q) -module is a Co{Q)-module map. 
Moreover, if Q contains no isolated point, then any such 9 is automatically bounded. 

Remark 4.5. Let L Co (n)(E;C (£l)) (respectively, t Bc (n)(E;C (il))) be the "algebraic 
dual" (respectively, "topological dual") of E, i.e. the collection of all C (Q)-module maps 
(respectively, bounded C (Q)-module maps) from E into C (Q). An application of Corol- 
lary ^^is that the algebraic dual and the topological dual of E coincide in many cases: 
If Q is a locally compact Hausdorff space having no isolated point and E is 
an essential Banach Cq(V!) -module, then1!>c (n)(E; Co(fi)) = L Co (n)(E; Co(Q)) . 

Corollary 4.6. Let E and A be respectively an (H)-Banach bundle and an (F)-Banach 
bundle over the same base space Q. If p : H — > A is a fibrewise linear map covering id 
(without any boundedness nor continuity assumption) such that p o e G r (A) for every 
e G r (S) ; then there exists a finite subset SCfl consisting of isolated points such that 
p restricts to a bounded Banach bundle map po : 5q\s — > Aq\s- 

Let X be a Banach space. We denote by £°°(X) and Cq(X) the set of all bounded 
sequences and the set of all c -sequences in X, respectively. We recall that £°° = C((3N) 
where /3N is the Stone-Cech compactification of N (which can be identified with the 
collection of all ultrafilters on N). 
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Proposition 4.7. Let X and Y be Banach spaces, and let 9 k '■ X — >• Y (k G N U {oo},) 
be linear maps (not assumed to be bounded). For any sequence {xk}km in X, we put 

Q{{Xk}km) '■= {&k(Xk)}k£N- 

(a) If 9(cq(X)) C c (Y), then there exists n EN such that sup n>no \\9 n \\ < oo. 

(b) If\im k ^ 00 9 k (x k ) = 9 OQ (x) for any {x k } km G £°°(X) with linifc^ooXfc = x, then 9^ is 
bounded, and there is no G N such that sup n>no \\9 n \\ < oo. 

(c) Suppose that 9{£°°{X)) C £°°(Y), and lim?9 k (x k ) = for every {x k } keN G £°°(X) 
and every ultrafilter ^ on N with lim.grx k = 0. Then there exist 3^, ...,3^ G 0N with 
supgr^ 3 r 1 gr n \\9ff\\ < oo (where 9y : Ejr — > Sg, is the induced map). In particular, 
sw Pn>n ll^n|| < °° f or some n G N. 

Proof: (a) Let E = Cq(X) and F = Cq(Y). Then 9 is a C (N)-module map and we can 
apply Theorem 14.21 

(b) Let E = C(Noo, X) and F = C^, Y), Then 9® 9^ is a well defined C(N 00 )-module 
map from £" into F and Theorem 14.21 implies this part. 

(c) Let E = £°°(X) and F = i°°(Y). Then E and F are united Banach C(/3N)-modules. 
For any ultrafilter 3 G /3N, one has 

K§ = {(x n ) eE:\imx n = 0} and K% = {(y n ) G F : Umj/ n = 0}. 

The first hypothesis shows that 0(i£) C F and the second one tells us that 9(Kj) C if|\ 
On the other hand, if n G N and 3 n := {U C N : n G C/}, then 

K£ = {(x fe )G£°°(X):x„ = 0} 



and so, %■„ = n . Now, this part follows from Theorem 14.21 □ 



Remark 4.8. Note that if ^ is a free ultrafilter on N, i/ien Sgr and H^ can 6e 
identified with the ultrapowers X 7 and Y 3 of X and Y (over J) respectively. One can 
interpret Proposition \4 . % c) as follows: 

If the sequence {9 n } as in Proposition |^.7| induces canonically a map 9 : 
£°°(X) —¥ £°°(Y) as well as a map 9j : X 7 — > Y ? for every free ultrafilter 
3" (none of them assumed to be bounded), then for all but a finite number 
of ultrafilters 3 r , the map 9j is bounded and they have a common bound. 

It can be shown easily that the converse of the above is also true (but we left it to the 
readers to check the details): 

If the sequence {9 n } is as in Proposition ^. 1 ^ and there exists n Q G N with 
sup n>n \\9 n \\ < oo ; then {9 n } induces canonically a map from £°°(X) to 
£°°(y) as well as a map from X 3 to Y 3 for every free ultrafilter 3\ 
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Another important point in Theorem 14.21 is the automatic Co(0)-linearity. In fact, it 
can be shown that for every C*-algebra A, any bounded local linear map from a Banach 
right A-module into a Hilbert A-module is automatically A-linear (see Proposition IA.1I 
in the Appendix). Theorem 14.21 tells us that if A is commutative, then one can relax 
the assumption of the range space to a Banach A-convex module and one can remove 
the boundedness assumption. Another application of this theorem is that if A is a finite 
dimensional C*-algebras, then every local linear map between any two Banach right 
A-modules is A-linear. 

Corollary 4.9. Let A be a finite dimensional C* -algebra. Suppose that E and F are 
unital Banach right A-modules. If 9 : E — >■ F is a local C-linear map in the sense of 
Proposition ] A. 1\ (not assumed to be bounded), then 9 is an A-module map. 

Proof: Pick any x G E and a G A sa . Let A a := C*(a, 1). By Remark |2ToT c). both 
E and F are unital Banach A a -convex modules. Thus, Theorem 14.21 tell us that 9 is a 
A a -module map. In particular, 9(xa) = 9(x)a. □ 



Remark 4.10. (a) Suppose that A is a unital C* -algebra and F is a unital Banach right 
A-convex module in the sense \\xa + y(l — a)\\ < max{||x||, \\y\\} for x,y G F and a G A + 
with a < 1. Then, by the argument of Corollary \4.9[ all local linear maps from any unital 
Banach right A-module into F are automatically A-linear. 

(b) If one can show that for every compact subset VL C R and every essential Banach 
C(Q)-module F, the map ~: F — > F is infective, then using the argument of Corollary \4.9 , 



one can show that for each C* -algebra A, all local linear maps between any two Banach 
right A-modules are A-module maps (without assuming that 9 is bounded). However, we 
do not know if it is true. 



5. Applications to separating mappings 

In this section, we consider Q and A to be possibly different spaces. In this case, one 
cannot define local property any more, but one has a weaker natural property called 
separating. More precisely, 9 is said to be separating if 

\9(e)\ ■ \9(g)\ = 0, whenever e,g G E satisfying |e| • \g\ = 0. 

In the case when E = Cq(Q) and F = Co (A), this coincides with the well-known notion 
of disjointness preserving (see e.g. [Tj, El [HI [HI [121 [15]). 

Lemma 5.1. If 9 is separating, there is a continuous map a : Ag — > Q^ such that 
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Proof: Set 

S u := {ueQoo-. 9(1*) C Jj } (v G A,). 
Suppose there is v G Ag with S^ = 0. Then for each u G fioo, there exist U u G ^^(w) 
and e^ G if^ with 0(e u ) £ If. Let {^J™ =1 be a finite subcover of {U^}^^ and {^}" =1 
be a partition of unity subordinate to {U Ui }f =1 . Take any g G E. From |<7¥>j||e Wi | = 0, we 
obtain \9(g<fi)\\9(e U!i )\ = 0, which implies that 9(gip i )(u) = (because of Remark [2.5( a) 
and the fact that 9(e UJi ) <£ 1^). Consequently, 



o(s)(») = E^O/^W = o- 



'i 
=i 



and we arrive in the contradiction that v G 3e- Suppose there is z/ G Ag with SV 
containing two distinct points uj\ and ui- Let U,V E ^(wi) with V C Intn 00 (f/) and 
a>2 ^ t/". For any </> G Uq^V, [/) and e G J5, we have e(l — </?) G I<f and etp G J^ which 
implies that 

9(e) = 9(e(l - if)) + 0{&p) G If. 
This gives the contradiction that v G 3e- Therefore, we can define a(z/) to be the only 
point in S v , and it is clear that 9 (lB u ) ) Q I„ ■ Now, the continuity of a follows from 
Lemma 13.11 □ 



Corollary 5.2. Let E be an (H)-Banach bundle over Q, let A be an (F)-Banach bundle 
over A, and let p : E — >■ A be a map (not assumed to be bounded nor continuous). Suppose 
that a : A — > Q is an injection sending isolated points in A to isolated points in Q such 
that e i— > p o e o a defines a linear map 9 : ro(H) — > ro(A). Then there exists a finite 
set T consisting of isolated points of A such that the restriction of p induces a bounded 
Banach bundle map po : Sn\<r(T^ ~^ Aa\t (covering (t\a\t)- Moreover, a is continuous 
on A \ 3p,a where 3p,o- := {u E A : p(e(cr(u))) = for all e G E}. 

Proof: The first conclusion follows from Theorem 13.71 To see the second conclusion, 
we note that 9 is separating and we can apply Lemma ISTTl (observe that 3p,c = 3e)- n 



Theorem 5.3. Let fl and A be two locally compact Hausdorff spaces, and let E be a full 
essential Banach Co(Q)-module (see Remark YS.Idi b)) and F be a full essential Banach 
Co(A)-normed module. Suppose that 9 : E — >■ F is a bijective C-linear map (not assumed 
to be bounded) such that it is biseparating in the sense that both 9 and 9~ x are separating. 

(a) There exists a homeomorphism a : A — > Q satisfying 

9(e-<p) = 9(e) ■ <p o a (ee£;^C ((l)). 

(b) There exists isolated points vi,...,v n G A such that the restriction of 9 induces a 
Banach space isomorphism 9 : Eq 6 — > F^, where A e := A\{z/ 1; ..., z/ n } andQg := a(A e ). 
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Proof: (a) If e G E with e = 0, then 9(e) = 9(e) = (as 9 is separating and F is 

Co(A)-convex), which gives e = (as 9 is injective). Hence, one can regard 9^ 1 = 9~ l as 
well. The fullness of E and F as well as the surjectivity of 9 and 9~ l ensure that 36* = 
and "be- 1 — 0- Therefore, by Lemma 15. 11 we have two continuous maps 

r : Q — > Aqo and a : A — > Qoo 

such that 9- 1 fe^) C 1% (u E fi) and 9 (/f (l/) ) C if (v E A). Consequently, for any 
v G A := a~ l (Q) and a; G fio := T ~ l (A), we have 

cr(r(a;)) = ui and r(cr(z/)) = v 

(because I^i t i w \\ Q ijf, ^tMv)) — ^' anc ^ -^ as we ^ as -^ are Ml). If there exists 
1/ G A \ %, ff (%, ff as in Lemma EJ(b)) with cx(z/) = 00, then F = (#£) C K? , which 
contradicts the fullness of F. Thus, 

a\ov C A . 

On the other hand, as A fl 9Te i(r is a finite set (by Lemma l3~3T a)fe(b) and the fact that a 
is injective on A ) and is open in A (by Lemma IXBT a)). we see that A n DTe )0 - consists of 
isolated points of A. Thus, cr(A fl yig t(T ) consists of isolated points of Q (as a restricts 
to a homeomorphism from A to Qq). We want to show that 

A nDV = 0. 

Suppose on the contrary that there is v G A fl OTe,^. We know that o(v) (^ 00) is a 
non-isolated point of ^l^ (by Lemma l3~3T b)). Therefore, there exists a net {ui} i€ j in 
fi \ {cr(z/)} converging to u(v). If {i G J : Wj G fio} is cofinal, then there is a net in 
f2 \ W(^)} converging to cr(v>), which contradicts a(u) being an isolated point in fl . 
Otherwise, Wj G r _1 (oo) eventually, which gives the contradiction that v = 00 (note that 
r(cjj) — > v as f G A ). Consequently, 

A\9V = A„. 

Suppose that ^^ 7^ and v G OT^o-- Since 5te )(T is an open subset of A (by Lemma 
ETETa)). there exists V G N A (i/) with V C % iCT .' Take any / G F such that /(*/) ^ 
(by the fullness of F) and / vanishes outside V. Thus, f E l£> (as V is compact) and 
so, 9~ 1 (f)(u) = for any u G r _1 (oo). On the other hand, for any u G f2 , one has 
t(oj) G A and so, / G l£ w ) (as / vanishes on the open set A containing t(uj)) which 
implies that 9~ 1 (f)(u>) = 0. Hence 9~ 1 (f) = which contradicts the injectivity of 9~ l . 
Therefore, OT^ = 0. Now, part (a) follows from Lemma [231(c). 

(b) This follows directly from Theorem 13.7( b). □ 

One can apply the above to the case when F is a full Hilbert Co(A)-module. Another 
direct application of Theorem 15.31 is the following theorem which extends and enriches 
a result of Chan [8] (by removing the boundedness assumption on 9), as well as results 
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concerning the product bundle cases discussed in JHQ2]. Notice that if (fi, {E X },E) is a 
continuous fields of Banach spaces over a locally compact Hausdorff space Q (as defined 
in [9j[TT]), then E is a full essential Banach Co(fi)-normed module. 

Theorem 5.4. Let (Q, {E X },E) and (A, {A y },E) be continuous fields of Banach spaces 
over locally compact Hausdorff spaces Q and A respectively. Let 9 : E —¥ F be a bi- 
jective linear map such that both 9 and its inverse 9" 1 are separating. Then there is a 
homeomorphism a : A — > Q and a bijective linear operator H u : E a (u) — > A„ such that 

9(f)(v) = H u (f(a(v))) (feE,ueA). 

Moreover, at most finitely many H u are unbounded, and this can happen only when v is 
an isolated point in A. In particular, if Q (or A) contains no isolated point, then 9 is 
automatically bounded. 



Appendix A. Bounded local linear maps are A-linear 

Proposition A.l. Let A be a C*-algebra, and let 9 be a bounded linear map from a 
Banach right A-modules E into a Hilbert A-module F. Then 9 is a right A-module map 
if and only if 9 is local (in the sense that 9(e) a = whenever e G E and a G A with 
ea = 0). 

Proof. Suppose 9 is local. Observe, first of all, that E** and F** are unital Banach A**- 
modules, and the bidual map 9** : E** — > F** is a bounded weak*-weak*-continuous 
linear map. Fix x G E and a G A + , and let 

$ : C(a(a))** ->■ A** 

be the map induced by the canonical normal *-homomorphism \1/ : M(A)** — > A**. Pick 
a, /3 G 1R+ with a < (3, and define p := $(x<r(a)r\(a,p))- Let {/„} and {g n } be two bounded 
sequences in C(a(a)) + such that f n g n = 0, as well as 

fn t Xa(a)n(a,/3) and g n 4 Xff(a)\(o,/J) pointwisely. 

Note that as ^(A) C A, we have a n := $(/ n ) G A, and we can write b n := <&(#„) 
as c n + 7„1 (where c n G A and 7„ G C). Fix n G N. Since a n and c n commute, 
there is a locally compact Hausdorff space fi with C*(a n ,c n ) = C (Q). By considering 
b n G C(fioo) + = C*(l,a n ,c n ) + , one can find a net {di}i e i in Co(fi)+ C A + such that 
rfj < b n (i G J) and d, — >■ 6 n pointwisely. As < d t < b n and a n b n = in C(fioo), 
one knows that o n dj = 0. Now, the relation 9(xa n )di = and 9(xdi)a n = imply 
that 9**(xa n )b n = and 9**(xb n )a n = 0. Since the multiplication in the bidual of 
the linking algebra of F is jointly weak*-continuous on bounded subsets, we see that 
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9**(xp)(l —p)=0 and $**(x(l —p))p = 0, which implies that 9**(xp) = 9**(x)p. Finally, 
there exists r^ el and ak, f3k € K+ such that «& < [5k and 



sup 

tGo-(o) 



M 

a (t) - y 

k=i 



(*) ~ /] r fcXg(o)n(a fc A)(*) 



-+0. 



Thus, by the weak*-continuity again, we get 8**(xa) = 9**(x)a as required. □ 



References 

[1] Yu. A. Abramovich, Multiplicative representation of the operators preserving disjointness, Indag. 

Math. 45 (1983), 265-279. 
[2] E. Albrecht and M. M. Neumann, Automatic continuity of generalized local linear operators, 

Manuscripta Math. 32 (1980), 263-294. 
[3] J. Araujo, Linear biseparating maps between spaces of vector-valued differ entiable functions and 

automatic continuity, Adv. Math. 187 (2004), no. 2, 488-520. 
[4] J. Araujo and K. Jarosz, Automatic continuity of biseparating maps, Studia Math. 155 (2003), 

no. 3, 231-239. 
[5] W. Arendt, Spectral properties of Lamperti operators, Indiana Univ. Math. J. 32 (1983), 199-215. 
[6] W. Arendt and S. Thomaschewski, Local operators and forms, Positivity 9 (2005), 357-367. 
[7] E. Beckcnstcin, L. Narici, and A. R. Todd, Automatic continuity of linear maps on spaces of con- 
tinuous functions, Manuscripta Math. 62 (1988), 257-275. 
[8] J. T. Chan, Operators with the disjoint support property, J. Operator Theory 24 (1990), 383-391. 
[9] J. Dixmicr, C*-algebras, North-Holland publishing company, Amsterdam-New York-Oxford, 1977. 
[10] M. J. Dupre and R. M. Gillette, Banach bundles, Banach modules and automorphisms of C* - 

algebras, Research Notes in Mathematics 92, Pitman (1983). 
[11] J. M. G. Fell, The structure of algebras of operator fields, Acta Math., 106 (1961), 233-280. 
[12] J. J. Font and S. Hernandez, On separating maps between locally compact spaces, Arch. Math. 

(Basel) 63 (1994), 158-165. 
[13] H.-L. Gau, J.-S. Jeang and N.-C. Wong, Biseparating linear maps between continuous vector-valued 

function spaces, J. Australian Math. Soc, Series A, 74 (2003), no. 1, 101-111. 
[14] K. Jarosz, Automatic continuity of separating linear isomorphisms, Canad. Math. Bull. 33 (1990), 

139-144. 
[15] J.-S. Jeang and N.-C. Wong, Weighted composition operators of Cq(X)'s, J. Math. Anal. Appl. 201 

(1996), 981-993. 
[16] R. Kantrowitz and M. M. Neumann, Disjointness preserving and local operators on algebras of 

differentiable functions, Glasg. Math. J. 43 (2001), 295-309. 
[17] R. Narasimhan, Analysis on real and complex manifolds, Advanced Studies in Pure Mathematics 

1, North- Holland Publishing Co., Amsterdam 1968 
[18] B. de Pagter, A note on disjointness preserving operators, Proc. Amcr. Math. Soc. 90 (1984), 

543-550. 
[19] J. Peetre, Rectification a V article "line caracterisation abstraite des operateurs differentiels", Math. 

Scand. 8 (1960), 116-120. 
[20] R. G. Swan, Vector bundles and projective modules, Trans. Amcr. Math. Soc. 105 (1962), 264-277. 



18 CHI-WAI LEUNG, CHI-KEUNG NG AND NGAI-CHING WONG 

(Chi-Wai Leung) Department of Mathematics, The Chinese University of Hong Kong, 
Hong Kong. 

E-mail address: cwleung@math . cuhk.edu. hk 

(Chi-Keung Ng) Chern Institute of Mathematics and LPMC, Nankai University, Tianjin 
300071, China. 

E-mail address: ckng@nankai.edu.cn 

(Ngai-Ching Wong) Department of Applied Mathematics, National Sun Yat-sen Univer- 
sity, Kaohsiung, 80424, Taiwan. 

E-mail address: wong@math.nsysu.edu.tw 



